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MODULUS OF CONTINUITY OF AVERAGES OF SRB MEASURES FOR A
TRANSVERSAL FAMILY OF PIECEWISE EXPANDING UNIMODAL MAPS
FABIA´N CONTRERAS
Abstract. Let ft : [0, 1] → [0, 1] be a family of piecewise expanding unimodal maps with a common
critical point that is dense for almost all t ∈ [a, b]. If µt is the corresponding SRB measure for ft, we
study the regularity of Γ(t) =
∫
φdµt when assuming that the family is transversal to the topological
classes of these maps, more precisely, we prove that if Jt(c) =
∑
∞
k=0
vt(f
k
t (c))
Dfkt (ft(c))
6= 0 for all t, where
vt(x) = ∂sfs(x)|s=t, then Γ(t) is not Lipschitz for almost all t ∈ [a, b]. Furthermore, we give the exact
modulus of continuity of Γ(t).
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1. Introduction
Sinai-Ruelle-Bowen (SRB) measures play important role in the study of statistical properties of dy-
namical systems. Let f be a map of a manifold M preserving a measure µ. A point x is called µ-regular
if for every continuous function φ we have
1
N
N−1∑
n=0
φ(fnx)→ µ(φ).
A measure µ is called SRB if the set of µ regular points has positive Lebesgue measure. In other words
the SRB measure describes statistics of a Lebesgue positive measure set of initial conditions.
For example, if f preserves an absolutely continuous invariant measure which is ergodic then that
measure is SRB.
Another case where SRB measures are known to exist is when some hyperbolicity is present.
In particular, when the system is uniformly hyperbolic, for example, for topologically transitive Ax-
iom A diffeomorphisms or for smooth expanding maps SRB measures exists are unique and have good
statistical properties such as the Central Limit Theorem (CLT) [28]. The CLT states that if φ is a Holder
1
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continuous function and x is chosen uniformly with respect to the Lebesgue measure then
lim
N→∞
P
(∑N−1
n=0 φ(f
nx)− nµ(φ)
σ(φ, f)
√
N
≤ z
)
=
∫ z
−∞
1√
2π
e−t
2/2dt
where the diffusion coefficient σ(φ, f) is defined by
σ2(φ, f) = µ(φ2) + 2
∞∑
n=1
µ(φ(φ ◦ fn)).
In case φ is smooth (rather than just Holder continuous) the normalizing constants
µSRB(φ, f) and σ
2(φ, f)
depend smoothly on f.
This smoothness plays important role in averaging theory including some problems of statistical me-
chanics [21, 9, 13, 14].
Uniformly hyperbolic systems appear rarely in applications. Much more common are systems which
are either nonuniformly hyperbolic on the set of large measure (notable examples are quadratic family
[15] and Henon family [7]) or are hyperbolic but have singularities (notable examples are Lorenz system
[27] and Lorentz gas [10]).
While uniformly hyperbolic system provides us with a good understanding on what happens for more
general chaotic maps, in the sense that many results first proven in the uniformly hyperbolic setting hold
under much weaker conditions (see [28]) the families of uniformly hyperbolic maps are not good models
for predicting what happens with more general families. Therefore our understanding of parameter
dependence of invariant measures in weakly hyperbolic systems are quite poor. To remedy this situation
David Ruelle suggested to look at families of piecewise expanding unimodal maps.
We call a map f : [0, 1]→ [0, 1] piecewise expanding unimodal map (PEUM) if there is a point c and
two maps fL defined on [0, c + ε] and fR defined on [c − ε, 1] such that f1(c) = f2(c) and there is a
constant λ > 1 such that |Df∗(x)| ≥ λ for all x from the domain of f∗ with ∗ = L,R and
(1) f(x) =
{
fL(x) if x ≤ c
fR(x) if x ≥ c.
PEUMs have unique absolutely continuous invariant measure [19] which is ergodic (in fact it is mixing
and even exponentially mixing [2, 28]) so it is the SRB measure for this system.
Several papers have been devoted to studying regularity of SRB absolutely continuous invariant mea-
sures in families of PEUMs. In particular some sufficient conditions for regular dependence of SRB
measures on parameters have been found (those conditions however are exceptional in the sense that
they do not hold for typical families).
This work also deals with families of PEUMs. That is, if t ∈ [a, b], we work with a smooth one-
parameter family of PEUMs ft : [0, 1]→ [0, 1], with µt the (unique) SRB measure associated to each ft.
Thus, we want to study the regularity of Γ(t) =
∫
φ dµt, with φ in some suitable space.
In [22] and [23], Ruelle considered the case v = X ◦ f and suggested a candidate for the derivative
of Γ(t). In [1], Baladi studied properties of a complex function involved in Ruelle’s candidate based
on spectral perturbation theory for transfer operators. She found a different way to express Ruelle’s
suggestions. The latter was used by Baladi and Smania ([3],[4]) to give sufficient and necessary conditions
for the differentiability of Γ(t) (the differentiability does not always hold as shown in [20],[1],[12]) and
exhibited an explicit formula for the derivative. Besides some routine differentiability and irreducibility
assumptions on the family ft, the important assumption is that the quantity
J(c, f) =
∞∑
k=0
v(fk(c))
Dfk(f(c))
equals zero.
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As we mentioned before, in [1], Baladi shows that there is a one-parameter family when a transversality
condition holds, or equivalently when J(c, f) 6= 0, and concludes that Γ(t) is not Lipschitz (and then it
cannot be differentiable) for such a particular family. In [12], De Lima and Smania proved that for every
Ω ⊂ [a, b] with positive Lebesgue measure, Γ(t) is not Lipschitz, for almost all t in Ω. Our approach is
more elementary. While in [12], their analysis lie on studying a decomposition of the difference ρt+h− ρt
in the space of generalized bounded variation functions, where ρs is the Radon-Nikodym derivative of µs,
our analysis is focused on the phase space. More precisely, we decompose the phase space [0, 1] into two
parts: one part where we can emulate the well-known smooth expanding case in S1 and a second part
(the complement of the set before) where we try to estimate the exact modulus of continuity for Γ(t), for
almost all t in [a, b].
With the previous in mind, our main result is the following:
Theorem 1.1. Suppose that |J(c, ft)| > ǫ1 for some ε1 > 0 and for all t ∈ [a, b]. Then, for φ ∈ Lip[0, 1]
and for almost all t, we have
lim sup
h↓0
Γ(t+ h)− Γ(t)
h
√| log(h) log log | log(h)|| = 2√2ρt(c)J(c, ft)σt(φ)
(∫
log |Dft(x)| dµt
)−1/2
.
The paper is organized as follows:
In Section 2, we state the assumptions on our family of PEUMs and formulate the idea for proving
Theorem (1.1). Also, the section shows an example that fulfills all the requirement asked, the necessary
definitions throughout the paper, and some results on the decomposition needed for the phase space.
Section 3 and 4 are focused on proving the results stated on Section 2. Finally, Section 5 starts by stating
some preliminary results needed for our main result and ends with the proof of Theorem (1.1). At the
end, In Section 6, we present the proof of the technical lemmas from the beginning of Section 5.
2. Preliminaries
2.1. Setting and assumptions. Recall that expanding unimodal maps are defined by formula (1). Now
we consider families of such maps. Namely, we assume that fL,t(x) is defined for (t, x) ∈ [a, b]× [0, c+ ε]
and fR,t(x) is defined for (t, x) ∈ [a, b] × [c − ε, 1] and that f∗,t(x) are C2 functions of their arguments,
with ∗ = L,R. Then we let
ft(x) =
{
fL,t(x) if x ≤ c
fR,t(x) if x ≥ c.
Thus we assume that c is a common critical point for all s.
We will also assume the following:
(1) c is not periodic for almost all t.
(2) ft are uniformly expanding, i.e, there exists a constant λ > 1 such that
(2) |Df∗,t(x)| ≥ λ,
for all t and ∗ = L,R.
(3) ft is topologically mixing for all t.
(4) The family {ft} is transversal to the topological classes of these PEUMs, that is, there exists
ε1 > 0 such that
(3) Jt(c) =
∞∑
k=0
vt(f
k
t (c))
Dfkt (ft(c))
> ε1
1,
1Indeed, we could require that Jt(c) 6= 0, however, if Js(c) > 0 for some s, then inf{Jt(c) : t ∈ [a, b]} > 0 by [4]
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for all t, where vt(x) =
∂
∂tft(x).
(5) For φ ∈ Lip[0, 1], the diffusion coefficients are positive for all parameters, i.e.,
(4) σt(φ) =
∫ (
φ−
∫
φdµt
)2
dµt + 2
∑
k>0
∫ (
φ−
∫
φdµt
)(
φ ◦ fkt −
∫
φdµt
)
dµt > 0,
for all t.
By [19], for each t, there exists a unique ergodic absolutely continuous invariant measure µt = ρtdx
for ft. Let Γ(t) = Γ(t, φ) =
∫
φ(x)ρt(x)dx. As described before, the purpose is to study the modulus of
continuity of Γ(t). For this, by uniform Lasota-Yorke estimates (see [2]), there exist C ≥ 1 and δ ∈ (0, 1)
such that for all n ≥ 1.
(5)
∣∣∣∣∫ φ(x)ρs(x) dx− ∫ φ(fns x) dx∣∣∣∣ ≤ Cδn.
Thus, we can work with iterations of the systems, that is, we can study the regularity of Γ(t) by means
of the following approximation
(6) Γ(t+ h)− Γ(t) =
∫
φ(fnt+hx) dx −
∫
φ(fnt x) dx+O(δ
n).
Therefore, the idea is then to take n = n(h) depending on h and in such a way that n and h are
inversely proportional.
2.2. Example. A well-studied family of maps is the family of tent maps ft : [0, 1]→ [0, 1] defined by
ft(x) =
{
tx if x ∈ [0, 1/2]
t(1− x) if x ∈ [1/2, 1]
for t ∈ [√2, 2]. This family satisfies all the conditions above. In fact, by [8], the critical point c = 1/2 is
dense for almost all t, then (1) is satisfied. Condition (2) is easy to see that holds, and (3) and (4) do
as well by [6] and [26] respectively. Condition (5) can be assumed because if σs(φ) > 0 for some s then,
since t 7→ σt is continuous ([25]), σt is positive in a neighborhood of s.
2.3. Auxiliary Facts. Set t ∈ [a, b] and, as we observed, set n = n(h) = ⌊| log(h)|⌋, where h > 0 is such
that t+ h ∈ [a, b] and ⌊| log(h)|⌋ denotes the largest integer less than | log(h)|.
Definition 2.1. Let x ∈ [0, 1]. The nth-itinerary de x with respect to the PEUM ft : [0, 1] → [0, 1] is
defined as the finite sequence
ωt,n(x) = (σ0(x), σ1(x), σ2(x), . . . , σn(x)) ∈ {L,R}n+1,
where
σi(x) =
{
L , if f it (x) ≤ c.
R , if f it (x) > c.
The itinerary of x with respect to ft is the sequence
ωt(x) = (σ0(x), σ1(x), σ2(x), . . . , σn(x)) ∈ {L,R}N.
An important tool through this paper is the following operator.
Definition 2.2. The transfer operator for a PEUM f is defined as
L(φ)(x) =
∑
f(x)=y
φ(y)
|Df(y)| ,
for all φ ∈ BV[0, 1].
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Let us recall that the space BV [0, 1] is a Banach space with the norm ‖φ‖BV = ‖φ‖∞+ var(φ), where
‖ · ‖ is the usual supremum norm and var(·) is the total variation.
Also, since ft is stably mixing, there exists a constant 0 < θ < 1 (not depending on t), such that
(7) Lnt (h) = ρt
∫
h+O(θn‖h‖BV ).
Note that, in particular, ρt is bounded by a constant not depending on t.
In the case of smooth expanding maps on the circle, the key to prove the differentiability of Γ(t) is
that for each x ∈ [0, 1], there exists y ∈ [0, 1] shadowing x, i.e., if n ≥ 0, then ωt+h,n(x) = ωt,n(x) and
fnt+h(x) = ft(y).
With the previous in mind, with n fixed, we shall decompose the integral Γ(t+ h)−Γ(t) in two parts:
one part where we can emulate the smooth expanding and another part which will be the corresponding
complement. For this, let us define the following
Definition 2.3. Let n ≥ 0 and 0 < h≪ 1. In [0, 1], we define the following sets
Ah,n = {x ∈ [0, 1] : there exists y ∈ [0, 1] such that ωt+h,n(x) = ωt,n(y) and fnt+h(x) = fnt (y)},
Bh,n = {y ∈ [0, 1] : there exists x ∈ [0, 1] such that ωt+h,n(x) = ωt,n(y) and fnt+h(x) = fnt (y)}.
If x ∈ Ah,n, define yn(x) as the corresponding y ∈ [0, 1] in the definition of Ah,n.
Definition 2.4. If x ∈ Ah,n and y = yn(x), define
Jt,k(y) = Jk(y) = −
k−1∑
j=0
vt(f
j
t (y))
Df jt (ft(y))
,
where vt = ∂sfs|t=s.
Note that Jk(c) converges to Jt(c) as k →∞.
The properties of the sets Ah,n and Bh,n are described in the following lemma.
Lemma 2.5. (a) the complement of Ah,n equals
(8) [0, 1]\Ah,n =
n⋃
k=0
f−kt+hIn−k
where
Ik =
{
[c+ h Jk(c)DfL,t(c) , c] +O(h
2) if Jk(c) ≤ 0
[c, c− h Jk(c)DfR,t(c) ] +O(h2), if Jk(c) > 0.
and where DfL,t(c) and DfR,t(c) are the derivative of fL,t and fR,t respectively at x = c.
Moreover, ∣∣∣∣[0, 1]\At,n∣∣∣∣ = O(tn),
where | · | denotes the Lebesgue measure.
(b) The complement of Bh,n equals
(9) [0, 1]\Bh,n =
n⋃
k=0
f−kt I˜n−k
with
I˜k =
{
[c− h Jk(c)DfL,t(c) , c] +O(h2) if Jk(c) > 0
[c, c+ h Jk(c)DfR,t(c) ] +O(h
2) ifJk(c) ≤ 0
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Moreover, ∣∣∣∣[0, 1]\Bh,n∣∣∣∣ = O(tn).
Consider the following decomposition
(10)
∫
φ(fnt+hx)dx =
∫
Ah,n
φ(fnt+hx)dx +
∫
[0,1]\Ah,n
φ(fnt+hx)dx.
We start with analyzing the first term in (10). By definition of Ah,n we have∫
Ah,n
φ(fnt+hx)dx =
∫
Bh,n
φ(fnt y)
(
dx
dy
)
dy.
Lemma 2.6. (
dx
dy
)
= 1− hRt,n(y) +O(h2)
where
Rt,n(y) =
n−1∑
k=0
{
v′t(f
k
t y)
Dft(fkt y)
− vt(f
k
t y)
Dft(fkt y)
k∑
j=0
ξ(f jt y)
Dfk−jt (f
j
t y)
}
and ξ(z) = D
2ft(z)
Dft(z)
.
Accordingly∫
Ah,n
φ(fnh x)dx =
∫
Bh,n
φ(fnt y)dy − h
∫
Bh,n
φ(fnt y)Rt,n(y)dy + O(h
2n2)
=
∫
Bh,n
φ(fnt y)dy − h
∫ 1
0
φ(fnt y)Rt,n(y)dy +O(h
2n2)
where the last step uses Lemma 2.5(a). It follows that
Γ(t+ h)− Γ(t) = −h
∫ 1
0
φ(fnt y)Rt,n(y)dy +
∫
[0,1]\Ah,n
φ(fnt+hx)dx −
∫
[0,1]\Bh,n
φ(fnt y)dy +O(h
2n2).
Proposition 2.7. The integral ∫
φ(fnt )Rt,ndx
is bounded by a constant that does not depend on n.
Remark 2.8. Note that if φ¯ = φ − ∫ φdµt, then φ¯ is of zero mean with respect to µt (i.e. ∫ φ¯dµt = 0)
and Γ(t+ h, φ)−Γ(t, φ) = Γ(t+ h, φ¯)−Γ(t, φ¯). Therefore, without loss of generality, we will assume that
φ is of zero mean from now on.
3. Shadowable points.
Proof of Lemma 2.5. (a) Let x ∈ Ah,n and let yn(x) the corresponding y according to the definition of
Ah,n. Then, ωt+h,n(x) = ωt,n(yn(x)). The latter condition is the same as saying that, given 0 ≤ k ≤ n,
fkt+h(x) and f
k
t (yn(x)) are both in either [0, c] or [c, 1].
Observe that if s ≥ 1 and z ∈ Ah,n then by chain rule
(11) z = ys(z) + h
Js(ys(z))
Dft(ys(z))
+O(h2).
Thus, we could express ys(z) as
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(12) ys(z) +O(h
2) = z − h Js(ys(z))
Dft(ys(z))
.
Note that if 0 ≤ k ≤ n, then
fn−kt (f
k
t (yn(x))) = f
n
t (yn(x)) = f
n
t+h(x) = f
n−k
t+h (f
k
t+hx)
Hence, yn−k(fkt+h(x)) = f
k
t (yn(x)) and using (12), we have that
(13) fkt (yn(x)) +O(h
2) = fkt+h(x)− h
Jn−k(fkt (yn(x))
Dft(fkt yn(x))
.
Since x and yn(x) have the same itinerary under ft+h and ft respectively up to the n−iteration,
fkt (yn(x)) and f
k
t+h(x) must be sufficiently far away from c so that they can be in the same side, for each
0 ≤ k ≤ n. More precisely, in order to have that fkt yn(x) and fkt+hx stay both in the same side, it is
sufficient and necessary to require that
fkt+h(x) /∈ [c+ h
Jn−k(c)
DfL,t(c)
+O(h2), c] , if Jn−k(c) ≤ 0.(14)
or
(15) fkt+h(x) /∈ [c, c− h
Jn−k(c)
DfL,t(c)
+O(h2)], if Jn−k(c) > 0.
Indeed, suppose Jn−k(c) ≤ 0 and fkt+h(x) ∈ [c+ h Jn−k(c)DfL,t(c) +O(h2), c].
Since fkt+h(x) = c + O(h
2), fkt (yn(x)) = c + O(h
2), and since
Jn−k(x)
Dft(x)
is left C1−continuous, we can
replace (13) by
(16) fkt (yn(x)) +O(h
2) = fkt+h(x)− h
Jn−k(c)
DfL,t(c)
.
Now, we are assuming that fkt+h(x) is in [c+ h
Jn−k(c)
DfL,t(c)
+O(h2), c], so in particular,
fkt+h(x) > c+ h
Jn−k(c)
DfL,t(c)
+O(h2).
Using (16), the above inequality implies that fkt (yn(x)) > c, that is, f
k
t+h(x) and f
k(y) are in different
side so they have different itineraries. Therefore, if we want them to lie in the same side we must require
the condition (14) as we claimed. The condition (15) is proved similarly.
Therefore,
Ah,n = [0, 1]\
n⋃
k=0
f−kt+hIn−k
and thus we have proved (8).
Let us prove that the Lebesgue measure of [0, 1]\
n⋃
k=0
f−kt+hIn−k is of order O(hn). We have∣∣∣∣ n−1⋃
k=0
f−kt+hIn−k
∣∣∣∣ ≤ n−1∑
k=0
|f−kt+hIn−k| =
n−1∑
k=0
∫
f−k
t+h
In−k
dx
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=
n−1∑
k=0
∫
In−k
Lkt+h(1)(x)dx =
n−1∑
k=1
∫
In−k
(ρt+h(y) + O(θ
k))(x)dx
≤
n−1∑
k=0
|In−k|O(1) ≤
n−1∑
k=1
O(hJn−k(c)) +O(h2)
= O
(
h
n−1∑
k=0
Jn−k(c)
)
+O(h2n) ≤ O(hn)
(note that we used (7)). Therefore, we conclude that
(17)
∣∣∣∣ n⋃
k=0
f−kt+hIn−k
∣∣∣∣ = O(hn)
Similarly, we prove (b).

4. Changing variables
Proof of Lemma 2.6. By definition of Ah,n, given x ∈ Ah,n, there is y = yn(x) such that fnt+h(x) =
fnt (yn(x)).
Since ∂yn∂x =
n−1∏
k=0
∂yk+1
∂yk
(note that y0 = x), we analyze the factors of this product. We have
∂yn
∂x
=
n−1∏
k=0
(1 + hβk) = 1 + h
n−1∑
k=0
βk +O(h
2n2)
where βk(y) =
n−1∑
k=0
{
v′t(f
k
t y)
Dft(fkt y)
− vt(f
k
t y)
Dft(fkt y)
k∑
j=0
ξ(f jt y)
Dfk−jt (f
j
t y)
}
. Hence,
(
∂yn
∂x
)−1
= 1− h
n−1∑
k=0
βk +O(h
2n2) 
5. Contribution of shadowable points
Proof of Lemma 2.7. Let us write the integral as
∫
φ(fnt y)Rt,n(y) dy =
∫
φ(fnt y)
( n−1∑
k=0
{
v′t(f
k
t y)
Dft(fkt y)︸ ︷︷ ︸
(I)
− vt(f
k
t y)
Dft(fkt y)
k∑
j=0
ξ(f jt y)
Dfk−jt (f
j
t y)︸ ︷︷ ︸
(II)
})
dy.
Let us start by analyzing (I). Making the change of variables z = fn−jt y and w = f
jz, we get
n−1∑
k=0
∫
φ(fnt y)
v′t(f
k
t y)
Dft(fkt y)
dy =
n∑
j=1
∫
φ(fnt y)
v′t(f
n−j
t y)
Dft(f
n−j
t y)
dy
=
n∑
j=1
∫
φ(f jt z)
v′t(z)
Dft(z)
Ln−jt (1)(z) dz
=
n∑
j=1
∫
φ(w)Ljt (
v′t
Dft
Lkt (1))(w) dw.
By Remark 2.8 and (7), we have that
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∣∣∣∣ n∑
j=1
∫
φ(w)Ljt (ψt)(w) dw
∣∣∣∣ ≤ n∑
j=1
O(θj‖ v
′
t
Dft
Lkt (1)‖BV )(18)
≤
n∑
j=1
O(θj‖ v
′
t
Dft
‖BV ‖Lkt (1)‖BV ).(19)
By (7), ‖Lkt (1)‖BV is bounded by 1 + ‖ρt‖BV . Since
∑n
j=1 θ
j is bounded by 1/(1− θ), it follows that
|∑n−1k=0 ∫ φ(fnt y) v′t(fkt y)Dft(fkt y) dy| is bounded by a constant not depending on n.
Now, let us study (II). Making the change of variables z = f jt y and w = f
k−j
t (z), we obtain that
∫ n−1∑
k=0
φ(fnt y)
vt(f
k
t y)
Dft(fkt y)
k∑
j=0
ξ(f jt y)
Dfk−jt (f
j
t y)
=
n−1∑
k=0
k∑
j=0
∫
φ(fnt y)vt(f
k−j
t (f
j
t y))ξ(f
j
t y)
Dft(f
k−j
t (f
j
t y))Df
k−j
t (f
j
t y)
dy
=
n−1∑
k=0
k∑
j=0
∫
φ(fn−jt z)vt(f
k−j
t (z))ξ(z)
Dft(f
k−j
t (z))Df
k−j
t (z)
Ljt (1)(z)dz
=
n−1∑
k=0
k∑
j=0
∫
φ(fn−kt w)vt(w)
Dft(w)
Lk−jt,1 (ξ · Ljt (1))(w) dw
=
n−1∑
k=0
k∑
j=0
∫
φ(q)Ln−kt
(
vt
Dft
Lk−jt,1 (ξ · Ljt (1))
)
dq
where Lit,1(ϕ)(w) =
∑
fit (z)=w
ϕ(z)
Dfit (z)|Dfit (z)| .
By [11], there exists λ¯ > 1 such that
(20) ‖Lit,1h‖BV = O(λ¯−i‖h‖BV ).
Then, by Remark 2.8 and (7), we have that
∣∣∣∣ n−1∑
k=0
k∑
j=0
∫
φ(q)Ln−kt
(
vt
Dft
Lk−jt,1 (ξ · Ljt (1))
)
dq
∣∣∣∣ ≤ n−1∑
k=0
k∑
j=0
O(θn−k‖ vt
Dft
‖BV ‖Lk−jt,1 (ξ · Ljt (1))‖BV ).
≤
n−1∑
k=0
k∑
j=0
O(θn−kλ¯−(k−j)‖Ljt (1)‖BV ‖
vt
Dft
‖BV ‖‖ξ‖BV ).
As observed before, ‖Ljt (1)‖BV is bounded and since
∑n−1
k=0
∑k
j=0 θ
n−kλ¯−(k−j) is bounded above, it
follows that | ∫ ∑n−1k=0 φ(fnt y) vt(fkt y)Dft(fkt y)∑kj=0 ξ(fjt y)Dfk−jt (fjt y) | is bounded by a constant not depending on n.
Therefore, the integral
∫
φ(fnt y)Rt,n(y) dy is bounded by a constant that does not depend on n as
claimed.

6. Modulus of continuity of Γ(t)
6.1. Preliminary Results. We have already decompose the phase space in order to write Γ(t+h)−Γ(t)
as
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Γ(t+ h)− Γ(t) = h
∫
φ(fnt (y))Rt,n(y)dy +
∫
[0,1]\Ah,n
φ(fnt+hx)dx −
∫
[0,1]\Bh,n
φ(fnt y)dy +O(h
2n2).
Lemma 2.7 gives us a control over the integral
∫
φ(fnt (y))Rt,n(y)dy, so we need to still analyze the
difference
∫
[0,1]\Ah,n φ(f
n
t+hx)dx−
∫
[0,1]\Bh,n φ(f
n
t y)dy. The idea to do this will be to estimate this differ-
ence by integrals over a set nearby the critical point in order to prove Theorem 1.1. To achieve this, we
will need a couple of preliminary results.
Define cj(t) = f
j
t (c). Then, we start with this proposition about recurrence of points in the orbit of c.
Proposition 6.1. There exists m > 1 such that for almost all t in a small interval around 0
(21) |cj(t)− c| > j−m
if j is sufficiently large.
Proof. By regularity of fnt on t, cn(t) is of bounded variation. Let C be the constant that bounds the
quotient of derivatives with respect to t of cn(t).
Take k0 such that Λ
k0 > 2C.
Assume first that
(22) ck(t) 6= c,
for all t ∈ I and all k ≤ k0. Define
wn(t) = {s : cj(t) and cj(s) have the same itinerary for j ≤ n},
Wn(t) = {cn(s)}s∈wn , and
Γn(t) = d (cn(t), ∂Wn(t))
Let us also define Zn = sup0<ǫ<1
Leb({t:Γn(t)<ǫ})
ǫ , where Leb(·) denotes the Lebesgue measure.
We claim that there exists K˜ such that
(23) Zn < K˜.
Assuming (23) take ǫ = n−m, for n > 1 and m > 1, then
Leb(t : |cn(t)− c| < n−m) ≤ Leb({t : |Γn(t)| < n−m})
≤ K˜n−m
Then, Leb({t : |cn(t)− c| < n−m}) ≤ K˜n−m, which implies that
∞∑
n=1
Leb({t : |cn(t)− c| < n−m}) <∞
Therefore, we can by Borel-Cantelly lemma, there exist n0 such that for all n ≥ n0
Leb({t : |cn(t)− c| < n−m}) = 1 as we want.
Hence, we need to prove (23).
In fact, we prove that there exist n0 > 1, ϑ < 1 and M > 0 such that
(24) Zn+k ≤ Znϑ+M.
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This will certainly imply (23). In order to prove (24), let us pick δ˜ << 1. Then, we will analyze two
cases
(1) The components of Wn that have measure less than δ˜.
(2) The components of Wn that have measure greater than δ˜.
Let us work in the first case and let Vn be a component of Wn such that |Vn| < δ˜ and let vn the
component of ωn associated to Vn. Then, f
k0 maps Vn into, at most, two intervals contained in Wn+k0 =⋃
tWn+k0(t). If Vn is split then Vn passes trough c at some point. Note that we cannot have more than
two intervals because of (21). Suppose we have two intervals. Let us call them V ′n+k0 and V
′′
n+k0
.
Take ǫ > 0 and note that by the expansivity of fk0 , we have that Leb({t : cn+k0(t) ∈ V ′n+k0 ∪
V ′′n+k0 and Γn+k0(t) < ǫ}) is less or equal than Leb({t : d(cn(t), a) ≤ ǫλk0 or Γn(t) ≤ ǫλk0 }), where a is
the point where Vn reaches c at some point, this is, f
j
s0(a) = c for some j ≤ k0 and s0 ∈ Vn. By bounded
distortion, the measure of {t : d(cn(t), a) ≤ ǫλk0 } is comparable to {t ∈ vn : Γn(t) ≤ ǫλk0 }, then
Leb({t : cn+k0(t) ∈ V ′n+k0 ∪ V ′′n+k0 and Γn+k0(t) < ǫ}) ≤
≤ Leb({t : d(cn(t), a) ≤ ǫ
λk0
or Γn(t) ≤ ǫ
λk0
})
≤ 2CLeb({t : Γn(t) ≤ ǫ
λk0
})
By summing over all components of Wn with measure less than δ˜, we have that
Leb({t : cn+k0(t) ∈ V ′n+k0 ∪ V ′′n+k0 and Γn+k0(t) < ǫ}) ≤
2Cǫ
λk0
Zn,
(note that we use the definition of Zn as supremum). This suggest to take ϑ =
2Cǫ
λk0
< ǫ .
Now, let us analyze the case when the components have measure greater than δ˜. In fact, the idea is
the same but we have that if V˜n is component with measure greater or equal than δ, then f
k0(V˜n) will
split in at most 2k0 components inside Wn+k0 . Call a1, a2, . . . , a2k0−1 the points that visit c. Arguing as
in the first case the first case we see that the measure of {t : d(cn(t), ai) ≤ ǫλk0 } is comparable to
Leb({t : Γn(t) ≤ ǫ
λk0
}).
Therefore
Leb({t : cn+k0(t) ∈ V˜n+k0,1 ∪ · · · V˜n+k0,2k0 and Γn+k0(t) < ǫ})
≤ 2
k0Cǫ
λk0δ
Leb({t : cn(t) ∈ V˜n}.
Summing over components we get
Leb({t : Γn+k0(t) < ǫ and cn(t) is in a long component} ≤Mε
where M = 2
k0Cǫ
λk0δ
.
Combining the two cases we get
Zn+k0 ≤ Znϑ+M
as claimed.

Recalling that t ∈ [a, b] is fixed and h > 0 is such that t+ h ∈ [a, b], define I¯h = [c− hJt(c), c+ hJt(c)].
Also, define n1 = n1(h) such that there exists s1 ∈ [t, t+ h] so that
f−n1s1 I¯h ∩ I¯h 6= ∅,
and
f−ns I¯h ∩ I¯h = ∅,
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for all n < n1 and for all s ∈ [t, t+ h].
Lemma 6.2. For all s1, s2 ∈ [t, t+ h] and for all n ≤ n1
(25)
1
C
≤ |f
n
s1(I¯h)|
|fns2(I¯h)|
≤ C.
and
(26)
1
C˜
≤ |f
n
s1(I¯h)|
|cn(t+ h)− cn(s1)| ≤ C˜.
Lemma 6.3. ∣∣∣∣ ∫⋃
n
k=1 f
−k
t+h
(I¯h)
ψ(x) dx−
n∑
k=1
∫
f−k
t+h
(I¯h)
ψ(x) dx
∣∣∣∣ ≤ ‖ψ‖∞ n∑
k1,k2
|Lk1 ∩ Lk2 |.
Note that
n−m1 ≤ |cn1(s)− c| ≤ |cn1(s)− cn1(s1)|+ |cn1(s1)− c|.
Up to a constant, the first term in the right side is bounded by |fn1s1 (I¯h)| by Lemma (6.2), and the second
term is also bounded by |fn1s1 (I¯h)| by definition of s1. Then
(27) n−m1 = O(|fn1s1 (I¯h)|)
Since
λn1h ≤ |fn1s1 (I¯h)| ≤ 1,
we have that n1 ≤ C˜1| log h|. Hence, the latter along with (27) gives
(28) |fn1s1 (I¯h)| ≥ (C˜1| log h|)−m
Hence, if Λ = supx,tDf(x, t) then
(C˜1| log h|)−m = O(hΛn1)
and so
n1 ≥ | log(h|C˜1 log h|
m)|
log Λ
Now, since h is assume to be sufficiently small
(29)
| log h| logh|m|
log Λ
≥ R| log h|,
where 0 < R≪ 1. Then,
n1 ≥ | log(h|C˜1 log h|
m)|
log Λ
≥ R| logh|,
where C˜2 =
C˜1
Λ . Therefore,
(30) n1 ≥ R| log h|.
Thus, as h decreases, n1(h) grows up tending to infinity. Moreover, (30) allows us to obtain the
following estimate.
MODULUS OF CONTINUITY OF AVERAGES OF SRB MEASURES 13
Lemma 6.4. There exists 0 < η < 1 such that
n∑
k1,k2=1
|Lk1 ∩ Lk2 | ≤ Cn2h1+η.
Lemma 6.5. Let L be an interval such that |L| = O(h) and let m ∈ N. If φ, ψ ∈ BV [0, 1], then
(31)
m∑
k=0
∫
L
φ(fkt+h)ψ(x)dx = O(|L|| log |L||).
The details of the proofs of the lemmas above are shown in the Appendix.
We are interested in the limit
lim sup
h↓0
Γ(t+ h)− Γ(t)
h
√| log(h) log log | log(h)|| .
As mentioned before, we have that
Γ(t+ h)− Γ(t) = −h
∫ 1
0
φ(fnt y)Rt,n(y)dy +
∫
[0,1]\Ah,n
φ(fnt+hx)dx −
∫
[0,1]\Bh,n
φ(fnt y)dy +O(h
2n2).
By Lemma 2.7, −h ∫ 10 φ(fnt y)Rt,n(y)dy +O(h2n2) is negligible when dividing by
h
√| log(h) log log | log(h)||, then we have to focus on the limit
(32) lim sup
h↓0
∫
[0,1]\Ah,n φ(f
n
t+hx)dx−
∫
[0,1]\Bh,n φ(f
n
t y)dy
h
√| log(h) log log | log(h)|| .
We already know that
(33)
∫
[0,1]\Ah,n
φ ◦ fnt+h(x)dx =
∫
⋃
n
k=1
f−k
t+h
In−k
φ ◦ fnt+h(x)dx.
Let Un,k =
⋃n
k=1 f
−k
t+hIn−k, Vn,k =
⋃n
k=1 f
−k
t+hI¯ , Pn,k =
⋃n
k=1
(
f−kt+hIn−k\f−kt+hI¯
)
and
Qn,k =
⋃n
k=1
(
f−kt+hI¯\f−kt+hIn−k
)
. Then,∣∣∣∣ ∫
Un,k
φ ◦ fnt+h(x)dx −
∫
Vn,k
φ ◦ fnt+h(x)dx
∣∣∣∣ = ∣∣∣∣ ∫
Pn,k
φ ◦ fnt+h(x)dx −
∫
Qn,k
φ ◦ fnt+h(x)dx
∣∣∣∣ ≤
≤
∫
Pn,k
|φ ◦ fnt+h(x)|dx +
∫
Qn,k
|φ ◦ fnt+h(x)dx| ≤
≤
n∑
k=1
∫
f−k
t+h
In,k\f−kt+h I¯
|φ ◦ fnt+h(x)|dx +
∫
f−k
t+h
I¯\f−k
t+h
In,k
|φ ◦ fnt+h(x)dx| =
=
n∑
k=1
∫
In,k\I¯
|φ ◦ fnt+h(x)|Lkt+hdx+
∫
I¯\In,k
|φ ◦ fnt+h(x)Lkt+hdx| ≤
≤
n∑
k=1
C˘
(
|In−k\I¯|+ |I¯\In−k|
)
,
where C comes from bounding φ and Lkt+h (the latter is bounded by (7)).
Now, note that ||In−k\I¯| = |I¯\In−k| = O(h). Therefore we have
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(34)
∫
⋃
n
k=1
f−k
t+h
In−k
φ ◦ fnt+h(x)dx =
∫
⋃
n
k=1
f−k
t+h
I¯
φ ◦ fnt+h(x)dx + O(h).
Since h
h
√
| log(h) log log | log(h)|| → 0 as h ↓ 0, we can work with∫
⋃
n
k=1 f
−k
t+h
I¯
φ ◦ fnt+h(x)dx
instead of
∫
⋃
n
k=1
f−k
t+h
In−k
φ ◦ fnt+h(x)dx.
By Lemmas (6.3) and (6.4), since n2h1+η is negligible when dividing it by h
√| log(h) log log | log(h)||,
instead of working with
∫
⋃
n
k=1
f−k
t+h
I¯ , we can just focus on studying
(35)
n∑
k=1
∫
f−k
t+h
I¯
φ ◦ fnt+h(x)dx
h
√| log(h) log log | log(h)|| .
Similarly, instead of working with
∫
⋃
n
k=1
f−kt I¯
, we can just focus on studying
(36)
n∑
k=1
∫
f−kt I¯
φ ◦ fnt (x)dx
h
√| log(h) log log | log(h)|| .
6.2. Proof of Main Result.
Proof of Theorem 1.1. Let us recall that we shall assume that φ is of zero mean with respect to µt.
With the above in mind, we have to study the limit
(37) Φ1(t) = lim sup
h↓0
n∑
k=0
∫
f−k
t+h
I¯
φ ◦ fnt+h(x)dx
h
√| log(h) log log | log(h)||
and
(38) Φ2(t) = lim sup
h↓0
n∑
k=0
∫
f−kt I¯
φ ◦ fnt (x)dx
h
√| log(h) log log | log(h)||
Let us start with (37).
The derivative of ρs equals a function ρ1,s ∈ BV [0, 1] almost everywhere ([1], [11]). In particular,
ρ1,s is bounded, hence, using that ρs is continuous at c (since c is not periodic) and its regular part
2 is
absolutely continuous (see [11]), we have that on I¯h
ρt+h(x) = ρt+h(c) +O(h).
Then,
n∑
k=0
∫
f−k
t+h
I¯h
φ ◦ fnt+h(x)dx =
n∑
k=0
∫
I¯h
φ ◦ fn−kt+h (x)Lkt+hdx
=
n∑
k=0
∫
I¯h
φ ◦ fkt+h(x)Ln−kt+h dx =
n∑
k=0
∫
I¯h
φ ◦ fkt+h(x)Ln−kt+h dx
2Recall that since ρs ∈ BV , it can be written as the sum of two functions, namely, the saltus part which is a sum of
pure jumps and the regular part which is absolutely continuous.
MODULUS OF CONTINUITY OF AVERAGES OF SRB MEASURES 15
=
n∑
k=0
∫
I¯h
φ ◦ fkt+h(x)ρt+hdx+
n∑
k=0
∫
I¯h
φ ◦ fkt+h(x)O(θn−k)dx
≤
n∑
k=0
∫
I¯h
φ ◦ fkt+h(x)ρt+hdx + |I¯h|‖φ‖
∞∑
k=0
O(θk)
≤
n∑
k=0
∫
I¯h
φ ◦ fkt+h(x)ρt+hdx+O(h) =
n∑
k=0
[ ∫
I¯h
φ ◦ fkt+h(x)dx
]
ρt+h(c) +O(h).
Thus,
(39)
n∑
k=0
∫
f−k
t+h
I¯h
φ ◦ fnt+h(x)dx =
n∑
k=0
[ ∫
I¯h
φ ◦ fkt+h(x)dx
]
ρt+h(c) +O(h).
Define Îh = f
n1−1I¯h. For n ≥ n1. Since fn1−1t+h is 1− 1 (by definition of n1), we have
⌊| log(h)|⌋∑
k=n1+1
∫
I¯h
φ(fkt+h) dx ≤
⌊| log(h)|⌋∑
n=1
∫
I¯h
φ(fkt+h) dx
=
⌊| log(h)|⌋∑
k=1
[ ∫
Îh
φ(fk−n1+1t+h y)
Dfn1−1t+h (c)
Dfn1−1t+h (f
−(n1−1)
t+h (y))
dy
]
1
Dfn1−1t+h (c)
= O(
|Îh|
Dfn1−1t+h (c)
| log |Îh||),
where the estimate above comes from Lemma 6.5.
Using bounded distortion, we have
|Îh|
Dfn1−1t+h (c)
=
1
Dfn1−1t+h (c)
∫
I¯h
|Dfn1−1t+h (x)| dx
= O(|I¯h|).
By (28), |Îh| ≥ (C˜1| log(h)|)−m. Thus
log |Îh| ≥ log((C˜1| log(h)|)−m)
= −m log(C˜1| log(h)|).
This implies | log |Îh|| ≤ m log(C˜1| log(h)|)
Thus, we finally obtain
⌊| log(h)|⌋∑
k=1
∫
fk
t+h
(I¯)
φ ◦ fnt+h(x) dx =
[ ⌊| log(h)|⌋∑
k=1
∫
I¯h
φ(fkt+hx) dx
]
ρt+h(c) +O(h)
=
[ n1∑
k=1
∫
I¯h
φ(fkt+hx) dx
]
ρt+h(c) +
[ ⌊| log(h)|⌋∑
k=n1
∫
I¯h
φ(fkt+hx) dx
]
ρt+h(c) +O(h)
=
[ n1∑
k=1
∫
I¯h
φ(fkt+hx) dx
]
ρt+h(c) +O(h log | log(h)|))
16 FABIA´N CONTRERAS
Since φ ∈ Lip[0, 1], we have that for 1 ≤ k ≤ n1
φ(fkt+h(x)) = φ(f
k
t+h(c)) +O(|fkt+hI¯h|)
= φ(fkt+h(c)) +O(|Îh|).
Then,
(40) φ(fkt+h(x)) = φ(f
k
t (c)) +O(h).
Hence
⌊| log(h)|⌋∑
k=1
∫
fk
t+h
(I¯h)
φ ◦ fnt+h(x) dx =
[ n1∑
k=1
∫
I¯h
φ(fkt+hx) dx
]
ρt+h(c) +O(h log | log(h)|))
=
[
ρt+h(c)|I¯h|
n1∑
k=1
φ(fkt+h(c))
]
+O(h log | log(h)|))
=
[
2hJt(c)ρt+h(c)
n1∑
k=1
φ(fkt+h(c))
]
+O(h log | log(h)|)).
Therefore, we have that
(41)
⌊| log(h)|⌋∑
k=1
∫
fk
t+h
(I¯)
φ ◦ fnt+h(x) dx
=
[
2hJt(c)ρt+h(c)
n1∑
k=1
φ(fkt+h(c))
]
+O(h log | log(h)|)).
Now, define n2 = n2(h) as the smallest number such that
(42) |Dfn2t+h(c)||I¯h| ≥ 1,
whereDfn2t+h(c) must be understood as min{Dfn2t+h(c+), Dfn2t+h(c−)}, withDfn2t+h(c±) the side derivatives
of c.
We claim that n2 − n1 ≤ C log | log(h)|. Indeed write
|Dfn2t+h(c)| = |Dfn2−1t+h (c1)Dft+h(c)|.
Using the definition of n2 we have that |Dfn2−1t+h (c1)||I¯h| ≤ 1 so
(43) |Dfn2t+h(c)||I¯h| ≤ C2,
where C2 = max
x
|Df(x)|.
Note that
|Dfn2t+h(c)||I¯h| = |Dfn2−n1+1t+h (f−n1+1t+h (c))||Dfn1−1t+h (c)||I¯h|
≤ Λn2−n1+1|Dfn1−1t+h (c)||I¯h|.
As before, using bounded distortion, we have that
|Dfn1−1t+h (c)||I¯h| ≥ C1|Îh|.
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Hence,
(44) |Dfn2t+h(c)||I¯h| ≥ C1Λn2−n1+1|Îh|
Using (43) and (44), we finally obtain
(45) C1Λ
n2−n1+1|Îh| ≤ C2,
which implies
(46) n2 − n1 + 1 = O(| log |Îh||).
Back to (41), we can decompose it as
⌊| log(h)|⌋∑
k=1
∫
fk
t+h
(I¯)
φ ◦ fnt+h(x) dx =
[
2hJt+h(c)ρt+h(c)
n1∑
n=1
φ(fnt+h(c))
]
+O(h log | log(h)|))
=
[
2hJt+h(c)ρt+h(c)
n2∑
n=1
φ(fnt+h(c)) +
n1∑
n=n2+1
φ(fnt+h(c))
]
+O(h log | log(h)|)).
Using (46), we have that
⌊| log(h)|⌋∑
k=1
∫
fk
t+h
(I¯)
φ ◦ fnt+h(x) dx =
[
2hJt+h(c)ρt+h(c)
n2∑
n=1
φ(fnt+h(c))
]
+O(h log | log(h)|))
Thus,
Φ1(t) = lim sup
h↓0
∑⌊| log(h)|⌋
k=1
∫
fk
t+h
(I¯)
φ ◦ fnt+h(x) dx
h
√| log(h) log log | log(h)||
= 2ρt(c)Jt(c) lim sup
h↓0
∑n2
n=1 φ(f
n
t+h(c))
h
√| log(h) log log | log(h)||
= 2ρt(c)Jt(c) lim sup
h↓0
∑n2
n=1 φ(f
n
t+h(c))
√
n2 log logn2
h
√| log(h) log log | log(h)||√n2 log logn2
= 2ρt(c)Jt(c) lim sup
h↓0
n2∑
n=1
φ(fnt+h(c))
√
n2 log logn2
lim sup
h↓0
√
n2 log logn2√| log(h)| log log | log(h)| .
Note that, as h ↓ 0, n2 goes to ∞. Then, by [25], for almost all t,
lim sup
h↓0
n2∑
n=1
φ(fnt+h(c))
√
n2 log logn2
= lim sup
n2→∞
n2∑
n=1
φ(fnt+h(c))
√
n2 log logn2
=
√
2σt(φ).
For the limit lim suph↓0
√
n2 log log n2√
| log(h)| log log | log(h)| , we will prove that lim suph↓0
n2
| log(h)| converges which
implies the convergence of the limit we want. For this, note that
log |Dfn2t+h(c)| =
n2−1∑
j=0
log |Dft+h(f jt+h(c))|
Then,
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log |Dfn2t+h(c)|
n2
=
∑n2−1
j=0 log |Dft+h(f jt+h(c))|
n2
.
By Theorem 1.2 in [24], for almost all t, the sequence
∑n−1
j=0
log |Dft+h(fjt+h(c))|
n converges to
∫
log |Dft+h(x)| dµt+h
and so does its subsequence
∑n2−1
j=0 |Dft+h(fjt+h(c))|
n2
so
log |Dfn2
t+h
(c)|
n2
converges as n2 →∞.
Also, as we already saw, |Dfn2t+h(c)||I¯h| is bounded by below (by 1 by definition) and by above for
some constant C. Then
1 ≤ |Dfn2t+h(c)||I¯h| ≤ C,
which implies
| log(h)|
n2
≤ log |Df
n2
t+h(c)|
n2
≤ | log
h
C |
n2
,
and because
log |Dfn2
t+h
(c)|
n2
converges so does | log(h)|n2 as h→ 0 to the same limit. Then
lim sup
h↓0
n2(h)
| log(h)| =
(∫
log |Dft(x)|dµt
)−1
.
In particular, this implies that lim suph↓0
log log n2
log log | log(h)| = 1. Hence, for almost all t,
(47) lim sup
h↓0
√
n2 log logn2√| log(h)|| log log | log(h)| =
(∫
log |Dft(x)|dµt
)−1/2
.
Therefore, we finally conclude that Φ1(t) exists for almost all t and equals
Φ1(t) = 2
√
2ρt(c)Jt(c)σt(φ)
(∫
log |Dft(x)| dµt
)−1/2
.
In order to analyze (36), we need to work on the limit Φ2(t). For this, note that (39) remains true if
we replace ft instead of ft+h. Since c is periodic for the expanding map ft, we can use (6.3), (6.4), and
the assumption that φ is of zero mean with respect to µt to get that Φ2(t) is zero.
Therefore, for almost all t,
lim sup
h↓0
Γ(t+ h)− Γ(h)
h
√| log(h)| log log | log(h)|| = 2√2ρt(c)Jt(c)σt(φ)
(∫
log |Dft(x)| dµt
)−1/2
as claimed. 
7. Appendix
Proof of Lemma 6.2. Define dn =
√
(s1 − s2)2 + (cn(s1)− cn(s2))2. By the Mean Value Theorem, there
exists s˜ between s1 and s2 such that
cn(s1)− cn(s2)
s1 − s2 =
∂cn
∂s
(s˜).
By the Chain Rule,
∂cn
∂s
(s˜) = Jn(c(s˜))Df
n
s˜ (c1(s˜))
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Since Dfns˜ (c1(s˜)) ≥ λn and Jn converges as n goes to infinity∣∣∣∣∂cn∂s (s˜)
∣∣∣∣ ≥ λns˜C12.
Hence
(
∂cn
∂s (s˜)
)−1
= O(λ−n). So
√
1 +
(
∂cn
∂s
)2
(s˜) =
∣∣∣∣∂cn(s˜)∂s
∣∣∣∣
√
1 +
(
∂cn
∂s
)−2
(s˜)
=
∣∣∣∣∂cn∂s
∣∣∣∣ (s˜) [1 +O(λ−2n)] .
Then,
dn = |s1 − s2|
√
1 +
(
∂cn
∂s
)2
(s˜)
= |s1 − s2|
∣∣∣∣∂cn∂s
∣∣∣∣ (s˜) [1 +O(λ−2n)]
= |cn(s1)− cn(s2)|
[
1 +O(λ−2n)
]
Thus,
(48) dn = |cn(s1)− cn(s2)|
[
1 +O(λ−2n)
]
We claim that
(49) dn+1 ≥ (λ− δ)dn
In fact, by (48), this is the same as proving
(50) |cn+1(s1)− cn+1(s2)| ≥ (λ− δ)|cn(s1)− cn(s2)|.
Since
|cn+1(s1)− cn+1(s2)|
|cn(s1)− cn(s2)| =
∣∣∣∣∂cn+1∂cn (˜˜s)
∣∣∣∣
it suffices to show that
(51)
∣∣∣∣∂cn+1∂cn (˜˜s)
∣∣∣∣ ≥ λ− δ
so let us prove this last inequality.
Since
∣∣∂cn
∂s
∣∣ ≥ Dλn, in particular ∣∣∂cn∂s ∣∣ 6= 0, so by the Implicit Function Theorem, s = s(cn) and∣∣∣∣ ∂s∂cn
∣∣∣∣ =
∣∣∣∣∣ 1∂cn
∂s
∣∣∣∣∣ ≤ Dλn
Since cn+1 = fs(cn)(cn), by using Chain Rule,
|Dfs(cn)| ≤
∣∣∣∣∂cn+1∂cn
∣∣∣∣+ ∣∣∣∣∂cn∂s (s) ∂s∂cn
∣∣∣∣
This implies
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∣∣∣∣∂cn+1∂cn
∣∣∣∣ ≥ |Dfs(cn)| − ∣∣∣∣∂cn∂s (s) ∂s∂cn
∣∣∣∣
≥ λs − δ,
where λ−nD < δ ≪ 1.
Therefore, (51) holds, which, as discussed, implies
dn+1 ≥ (λ− δ)dn.
With the above in mind, if D is the function on [0, t]× [0, 1] defined by D(s, x) = Dfs(x), then log ◦|D|
is P−Lipschitz, for some constant P , hence
log
|Dfns1(c)|
|Dfns2(c)|
≤
n−1∑
k=0
log |Dfs1(ck(s1))| − log |Dfs2(ck(s2))|
≤
n−1∑
k=0
Pdk ≤ P
n−1∑
k=0
dn
(λ − ǫ)n−k ≤ P˜ dn ≤ Cˆ,
where P˜ =
∑∞
j=1
1
(λ−ǫ)j (note that dn is bounded by 2). Therefore,
|Dfns1(c)|
|Dfns2(c)|
is bounded above by some
constant C1 and since s1 and s2 are arbitrary then they are exchangeable so the expression
|Dfns1 (c)|
|Dfns2 (c)|
is
also bounded by below by the reciprocal of C1.
Since
|Dfns1(x)|
|Dfns2(y)|
=
|Dfns1(x)|
|Dfns1(c)|
|Dfns1(c)|
|Dfns2(c)|
|Dfns2(c)|
|Dfns2(y)|
,
using that fs1 and fs2 are functions of bounded distortion, we have that
(52)
1
C
≤ |Df
n
s1(x)|
|Dfns2(y)|
≤ C,
where C = C1C2C3 and C2 and C3 are the bounds for the distortion of fs1 and fs2 respectively.
Hence, if x ∈ I¯h, we have that
|I¯h|
C
≤
∫
I¯h
|Dfns2(y)|
|Dfns1(x)|
dy ≤ C|I¯h|.
Therefore
|fns1 I¯h|
|fns2 I¯h|
=
∫
I¯h
|Dfns1(x)|dx∫
I¯h
|Dfns2(y)|dy
=
∫
I¯h
1∫
I¯h
|Dfns2(y)|
|Dfns1 (x)|
dy
dx ≤
∫
I¯h
1
|I¯h|
C
dx = C.
Thus
|fns1 I¯h|
|fns2 I¯h|
≤ C. Similarly 1C ≤
|fns1 I¯h|
|fns2 I¯h|
, and so (25) holds.
To prove (26), note that J(c(0))Jn(c(s)) is bounded above and below by some constant C6 and
1
C6
respectively
(because as t decreases so does s and n increases as well, so Jn(c(s)) converges to J(c(0))). Then, using
that ∂cn∂s (s˜) = Jn(c(s˜))Df
n
s˜ (c1(s˜) (by the Chain Rule) we have
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|fs1(I¯h)|
|cn(s2)− cn(s1)| =
1
|h||∂cn∂s |
∫
I¯h
|Dfns1(x)|dx
=
1
|h||Jn(c(s˜))Dfns˜ (c1(s˜)|
∫
I¯h
|Dfns1(x)|dx
=
1
|h||Jn(c(s˜))|
∫
I¯h
|Dfns1(x)|
|Dfns˜ (c1(s˜))|
dx
= O
( |I¯h|
|h||Jn(c(s˜))|
)
= O
( |Jn(c)|
|Jn(c(s˜))|
)
= O(1),
where we use (25) to bound
|Dfns1 (x)|
|Dfn
s˜
(c1(s˜))| .
Then,
|fs1(I¯h)|
|cn(t)− cn(s1)| ≤ C˜
for some constant C˜.
Similarly, we can prove that
1
C˜
≤ |fs1(I¯h)||cn(t)− cn(s1)| .
Thus we obtain (26). 
Proof of Lemma 6.3. Set Lk = f
−k
t+h(I¯h) and define L˜k = Lk −
⋃
j<k
Lj ∩ Lk. Note that
n⋃
k=1
Lk =
n⋃
k=1
L˜k
and that L˜k1 ∩ L˜k2 = ∅, for all k1, k2, in particular,
∫
⋃
n
k=1
Lk
ψ(x) dx =
∫
⋃
n
k=1 L˜k
ψ(x) dx
=
n∑
k=1
∫
L˜k
ψ(x) dx.
Now, we can work with
∫
L˜k
ψ(x) dx and bound
∑n
k=1
∫
L˜k
ψ(x) −∑nk=1 ∫Lk ψ(x) dx. For this, since∫
L˜k
ψ(x) dx =
∫
Lk
ψ(x) dx−
∫
Lk\L˜k
ψ(x) dx
=
∫
Lk
ψ(x) dx−
∫
⋃
j<k Lj∩Lk
ψ(x) dx
we have that
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∣∣∣∣ n∑
k=1
∫
Lk
ψ(x) dx−
∫
L˜k
ψ(x) dx| =
n∑
k=1
∣∣∣∣ ∫⋃
j<k Lj∩Lk
ψ(x) dx
∣∣∣∣
≤
n∑
k=1
∣∣∣∣ ⋃
j<k
Lj ∩ Lk
∣∣∣∣‖ψ‖∞
≤
n∑
k=1
∑
j<k
∣∣∣∣Lj ∩ Lk∣∣∣∣‖ψ‖∞
≤
n∑
k1,k2=1
∣∣∣∣Lj ∩ Lk∣∣∣∣‖ψ‖∞
Therefore,
∣∣∣∣ n∑
k=1
∫
Lk
ψ(x) dx−
∫
L˜k
ψ(x) dx| ≤
n∑
k1,k2=1
∣∣∣∣Lj ∩ Lk∣∣∣∣‖ψ‖∞

Proof of Lemma 6.4. Again, set Lk = f
−k
t+h(I¯h). Let 1 ≤ k1, k2 ≤ n. Without loss of generality, assume
k1 ≤ k2. Then, we can write k2 = k1+ j, for some 0 ≤ j ≤ n−k1. Then, using the fact that ρt is bounded
below, we have
|Lk1 ∩ Lk2 | = |Lk1 ∩ Lk1+j |
=
∫
χI¯h(f
k1
t+h(x))χI¯h (f
k1+j
t+h (x))dx
≤ C1
∫
ρt+h(x)χI¯h (f
k
t+h(x))χI¯h (f
k+j
t+h (x))dx
Since ρt+h is invariant,
∫
ρt+h(x)χI¯h (f
k
t+h(x))χI¯h (f
k+j
t+h (x))dx =
∫
ρt+h(x)χI¯h (x)χI¯h (f
j
t+h(x))dx. Now
using that ρt+h is bounded from above, we have
|Lk1 ∩ Lk2 | = |Lk1 ∩ Lk1+j|
≤ C1
∫
ρt+h(x)χI¯h (ft+h(x))χI¯h (f
j
t+h(x))dx
= C2
∫
χI¯h(ft+h(x))χI¯h (f
j
t+h(x))dx
If j < n1 then f
−j
t+hI¯h ∩ I¯h = ∅, and consequently∫
χI¯h(ft+h(x))χI¯h (f
j
t+h(x))dx = 0.
If j > n1 then, by (30), θ
j < θR| log t|. Hence
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∫
χI¯h(x)χI¯h (f
j
t+h(x))dx =
∫
χI¯h(y)Ljt+h(χI¯h)(y)dy
=
∫
I¯h
Ljt+h(χI¯h)(y)dy
=
∫
I¯h
|I¯h|ρt+h(y) +O(θj)dy
≤
∫
I¯h
|I¯h|ρt+h(y)dy +
∫
I¯h
O(θj)dy
By (7) and |I¯h| = O(h), the first integral is of order O(t2). For the second integral, since θj ≤ λR| log(h)|,
we have that θj ≤ hη, where η = R log(θ−1) < 1 since R ≪ 1. Then, the second integral is of order
O(h1+η).
Therefore, |Lk1 ∩ Lk2 | ≤ Ch1+η, for any 1 ≤ k1 < k2 ≤ n and then∑
k1<k2
|Lk1 ∩ Lk2 | ≤ Ch1+ηn2.

Proof of Lemma 6.5. Suppose m < l, where l = ⌊| log |L|‖⌋. It is not hard to see that∣∣∣∣ m∑
k=0
∫
L
φ(fkt+h)ψ(x) dx
∣∣∣∣ = O(|L|| log |L||).
Therefore, the statement holds if m ≤ l.
Suppose now m ≥ l and write m = l + r, with 0 ≤ r ≤ l − 1. LetΛ = maxx,tDft(x).
Note that if f(t) = t log(1/t) and g(s) = slog Λ log(1/s), then g > f > 0 and g′ ≫ f ′ near 0. Hence, if
|L| = O(t), we have that t log(1/t) < |L|log Λ log(1/|L|), or equivalently
(53) t| log(t)| < (Λr − 1)lΛ−| log |L||.
∣∣∣∣ m∑
k=0
∫
L
φ(fkt+h)ψ(x) dx
∣∣∣∣ = ∣∣∣∣ l−1∑
k=0
∫
L
φ(fkt+h)ψ(x) dx
∣∣∣∣+ ∣∣∣∣ m∑
k=l
∫
L
φ(fkt+h)ψ(x) dx
∣∣∣∣
m∑
k=l
∫
L
Λk|L|+O(|L|| log |L||) = O((Λm+1 − Λl)|L|).
Since (53) implies that (Λm+1 − Λl)t| log(t)| < l, the statement also holds if m ≥ l.

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